A toy model of two dimensional nanoindentation in finite crystals is proposed.
Introduction
Regularizations of continuum theories typically resolve the difficulties of the latter at small scales and often allow precise calculations and descriptions at these scales. This is the case of the Navier-Stokes equations which regularize the inviscid Euler equations of Fluid Mechanics (1), of the lattice regularizations of Quantum Field Theory and phase transitions (2), etc.
Classical elasticity theory is unable to describe the nucleation and motion of crystal defects (3), dislocations (4), cracks (5; 6), phase boundaries (7), or more complex phenomena such as friction (8; 9; 10; 11) . Lattice regularizations of elasticity can describe the structure and motion of nucleated defects and can be analyzed to extract qualitative and quantitative information about the phenomena at hand so as to provide a deep physical understanding (10; 6). In the case of dislocations, periodized discrete elasticity can describe depinning of dislocations at the Peierls stress (12) , dislocation cores and dislocation interaction (13) , stable defects corresponding to dislocations in graphene membranes and instability of Stone Wales defects (14; 15) , and homogeneous nucleation of dipoles in a sheared lattice (16) .
Metals usually contain a great number of dislocations whose motion, creation, annihilation and interaction are largely responsible for plastic behavior (4) . Introducing defects in a crystal typically impedes dislocation motion and multiplication thereby strengthening the material (strain hardening).
At small length scales (such as those intervening in compression of thin whiskers), dislocations may leave the sample which results in its hardening via dislocation starvation (17) as observed in compression of nanopillars (18) . Incipient plasticity occurs when defects are created in a hitherto perfect crystal by different means. Nanoindentation experiments are excellent ways to probe incipient plasticity (19; 20; 21; 22) and so are indentation experiments in colloidal crystals (23) . In these experiments, the penetration depth inside the crystal is measured as the load on the indenter increases, which results in a discontinuous load versus depth diagram. The discontinuities in the diagram are thought to indicate dislocation nucleation inside the crystal.
Different types of calculations have been used to interpret nanoindentation, ranging from atomistic simulations to continuum mechanics interpretations or combinations thereof (24; 25; 21; 26) .
In this paper we present and analyze an atomistic toy model of nanoindentation to show that discontinuities in the load vs penetration length diagram do correspond to nucleation of dislocation loops 1 . We also use this model and its analysis to find different loading-unloading stress vs depth curves, in agreement with experimental observations (19) . We have used the AUTO software (27) 
where g a (x) is a one-parameter family of periodic functions of x with period
and 0 < a < 1/2, such that g a (x) ∼ x as x → 0 (see below for motivation).
The boundary conditions are
For a symmetric and centered sharp indenter as depicted in Fig. 1 with an even number of atoms, w, and for even N x , we have
This indenter has a rectangular cross section S = Lwl, wl ≪ L, where l is the lattice constant and L is the length of the knife. A more realistic modeling of the knife would require considering horizontal displacements which we are ignoring in our model. Note that f (N x /2) = f (1 + N x /2) = 1 and that i f (i) = 1 + w/2. In Eq. (1), A = C 44 /C 11 provided we consider cubic crystals with elastic constants C 11 , C 12 , C 44 . The vertical component of the stress tensor σ 22 is simply C 11 D − 2 v i,j in our model, and therefore the strain at the surface given by Eq. (3) is also the nondimensional applied stress σ 22 /C 11 .
We also have σ 21 
The relation between the stress at the surface and an applied load P is where ϕ(i) is the angle between the normal to the indenter surface and the y axis, with tan
which relates the nondimensional load Λ to the stress F . If we select a nondimensional time scale
where γ is a friction coefficient with units of frequency, ρ is the mass density and v i,j is measured in units of l. With this choice of scales, we can consider the overdamped case with m = 0. On the other hand, if we select a nondi-
With this second choice of scales, we can consider the conservative case with
If g a (x) = x in Eq. (1), we obtain discretized scalar linear elasticity.
Why do we have to use the periodic functions (2)? To allow atoms change neighbors during dislocation motion. The fact that the functions (2) are periodic allows the atoms to change neighbors while the computational grid remains unchanged (and so the dynamical system (1) whose linear stability will be analyzed).
Let us explain this idea. Assume that we have an extra half row of atoms in the square lattice that is parallel to the positive x direction (edge disloca- As the applied stress becomes sufficiently large, there appear edge dislocation loops whose Burgers vectors are directed along the y axis. Gliding along other directions is not possible in this model: we would need a twocomponent displacement vector and a periodic function of discrete differences along the x axis (13). The parameter a controls the asymmetry of g a : a increases, the interval over which g ′ a (x) > 0 increases at the expense of the interval over which the slope of g a is negative. As a increases, the (dimensionless) Peierls stress σ p needed for a dislocation to start moving increases whereas the size of the dislocation core and its mobility both decrease (13) 3 .
The value of a can be selected so that the Peierls stress calculated from (1) fits values measured in experiments or calculated using MD. Namely, for a 16 × 30 lattice with A = 0.2258 (corresponding to gold) we get σ p = 0.004 for a = 0.2 compared to σ p = 0.03 for a = 0.4.
In the symmetric case a = 1/4, (1) and (2) are the governing equations of the interacting atomic chains model (29).
Methodology and Results
We consider parameters A = 0.2258 (gold), a = 0. At zero applied load the perfect lattice is found. As the dimensionless 3 Note that the parameter α used in (13) corresponds to −a + 1/2 in (2) and therefore the Peierls stress in Figure 2 of (13) decreases as α increases. applied load F increases from zero, we can monitor the penetration depth of the indenter,
and obtain the relation between F and δ. We have used the AUTO software Each loop comprises two dislocations whose cores are located at points with Note that after some of its turning points the solution branch bends over itself, and connects back to earlier limit points (C ′ , D ′ , E ′ in Fig. 3a) by means of unstable portions. To each point of the short stable portions found after these limit points, there correspond two lattice configurations, which are symmetrical with respect to x = 0. They contain one extra edge dislocation in addition to the dislocation loops that the configuration corresponding to the preceding long stable portion with smaller δ may contain. In one configuration, the dislocation point of the extra dislocation with Burgers vector (0, 1) is located at i = (N x + w)/2, at some distance below the indenter (as occurs in the short stable portions after A ′ and B ′ ). The other configuration has a dislocation point on the same row, with opposite Burgers vector (0, −1), which is located at i = 1 + (N x − w)/2. As it will be explained later, these short stable portions are not reached by any of our dynamical experiments. However, if the configurations corresponding to unstable branches are depicted, nucleation or disappearance of the extra edge dislocation is observed as we run AUTO along the unstable branch towards the turning point where it joins a stable branch.
By increasing adiabatically F from F = 0 (up-sweep), the stable portions of discontinuities due to formation of dislocation loops.
Conclusion
We have presented a toy model of 2D nanoindentation and incipient plasticity in a dislocation-free crystal based on periodized discrete elasticity.
Analysis and numerical simulation of the model confirm that the discontinuities in the diagram of stress (or load) vs penetration depth are associated with the nucleation of dislocation loops (if stress is adiabatically increased) or with their absorption in contact with it (if stress is adiabatically decreased).
Our simulations and analysis of the bifurcation diagram of solutions show that hysteresis occurs, leading to unloading curves which are different to the loading ones, in agreement with experimental observations. The analysis of the results obtained with AUTO yields the critical stress for dislocation nucleation, the type thereof and the depth at which dislocation loops are accommodated in their equilibrium positions.
